In Section 2, we review Dedekind sums with a character, and state a reciprocity law for them. In Section 3, we give formulas for class numbers.
2. Dedekind sums with a character and the corresponding reciprocity law. First we give definitions of Bernoulli numbers, Bernoulli polynomials, Bernoulli functions and generalized Bernoulli numbers. The nth Bernoulli function B n (u) is defined by B n (u) = B n ({u}) if n > 1,
Here {u} denotes the fractional part of a real number u, i.e., 0 ≤ {u} < 1. Also for a Dirichlet character χ of conductor f , we define the nth generalized Bernoulli number B n,χ by
It is easy to show that for any multiple F of f ,
The following gives us the definition of Dedekind sums with a character.
Definition 2. Let k and h be positive integers such that (k, h) = 1, and let χ be a Dirichlet character defined mod l with l | kh. We define the nth Dedekind sum with character χ by
For the principal character χ 0 , we have
where s n (k, h) is the generalized Dedekind sum considered by Apostol (cf. [1] ).
(1) Let χ be a non-trivial character defined mod k, and set
(2) Let χ = χ 1 χ 2 be a character with χ 1 (resp. χ 2 ) defined mod k (resp. h), both non-trivial , and set χ(−1) = (−1)
Proof. We only prove (1), since we can prove (2) analogously. Consider the sum
, we obtain similarly
The reciprocity law is the following:
Theorem 1 (Reciprocity Law, [4] ). Let k, h and χ be as in Definition 2. If χ = χ 0 , then for a positive integer n,
where
For n = 1 and χ = χ 1 χ 2 with χ 1 (resp. χ 2 ) defined mod k (resp. h), both non-trivial characters,
Formulas for class numbers of imaginary quadratic fields.
In this section, we give several formulas for class numbers of imaginary quadratic fields. As usual, we denote the class number of a quadratic field Q(
, and t a positive integer such that (t, d) = 1 and t > 1. Then 
Hence from (3.1) and (3.2) we have
Since (a, b) ∈ S if and only if a
Assume that t is odd. Then
For t even we can show analogously
Therefore from (3.3), (3.4), (3.6) and (3.7), we get
Example. For t = 2, 3, 5, the formula gives us known results:
for d with (d, 7) = 1.
Next we shall consider t such that t is also a discriminant of Q( √ t) and (t, d) = 1. Then td is a discriminant of Q( √ td). The following proposition is essentially the same as Theorem 7 in [7, Chap. I], which was proved by using Zagier's identity. We give a different proof. 
Proof. Similarly to the proof of Proposition 1, we have
since χ 1 and χ 2 are both non-trivial. Thus (3.10)
As in the proof of Proposition 1,
Therefore from (3.10)-(3.12), we obtain (3.8).
For (3.9), we do the same computations except that we use the identity |d|, t) is the same as in Proposition 1.
Proof. We only note that under our assumptions χ d (t)χ t (|d|) = 1.
Remark 1. If we compare the above Corollary with Proposition 1, we might obtain some interesting results. For example, when t is a prime with t ≡ 1 (mod 4), the Corollary gives us the congruence
This is because
The above congruence is obvious if h(d) is even. But if h(d) is odd, i.e., the 2-rank of the ideal class group of Q( √ td) is 1, then
, which is a part of the results by Rédei and Reichardt (cf. [5] ).
Next we shall consider the relation between
We define the Dirichlet L-series L(s, χ) by
It is well known that L(s, χ) is analytically continued to the whole complex plane, and for a positive integer n,
We also set 
(2) When χ 1 and χ 2 are both even,
(3) When χ 1 and χ 2 are both odd ,
(4) When χ 1 and χ 2 are of opposite parity,
Proof. For (1), we argue as follows:
For (2)- (4), we apply Theorem 1.
(2) The right hand side of (2.3) is − 1 kh L (−1, χ) , and the left hand side of (2.3) is
nχ(n).
Here the first term becomes 0 since both are even non-trivial characters, and we obtain the result. Also let χ i be the corresponding Kronecker character , and set χ = χ 1 χ 2 .
